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I .  INTRODUCTION 
8 
. 
I .  1 P r e l  i m i  n a r y  Remarks 
T h i s  r e p o r t  p resen ts  a computer-based method o f  a n a l y s i s  o f  spu r  
The r e p o r t  i s  b a s e d  upon  r e s e a r c h  c o n d u c t e d  b y  g e a r  s y s t e m  d y n a m i c s .  
t h e  a u t h o r s  a t  t h e  U n i v e r s i t y  o f  C i n c i n n a t i  w i t h  t h e  s u p p o r t  o f  t h e  NASA 
L e w i s  R e s e a r c h  C e n t e r  f r o m  1982 t o  1985  u n d e r  G r a n t  N S G  3188. The 
r e p o r t  r e p r e s e n t s  a p o r t i o n  o f  the  f i r s t  a u t h o r ' s  d o c t o r a l  d i s s e r t a t i o n .  
Knowledge o f  t h e  d y n a m i c  e f f e c t s  i n  g e a r  s y s t e m s  has  been  o f  
i n c r e a s i n g  i n t e r e s t - - s t i m u l a t e d  b y  demands f o r  s t r o n g e r ,  h igher-speed, 
i r n p r o v e d - p e r f o r m a n c e ,  and  l o n g e r - 1  i v e d  s y s t e m s .  T h e r e  h a v e  been  
numerous research  e f f o r t s  d i r e c t e d  t o w a r d  gear  dynamic a n a l y s i s .  S t i l l ,  
t h e  b a s i c  b e h a v i o r  o f  t h e  g e a r  s y s t e m  has n o t  been  s a t i s f a c t o r i l y  
unders tood .  
F o r  example, i n  i n d u s t r i a l  s e t t i n g s ,  a h i g h  per formance gear  system 
i s  o f t e n  o b t a i n e d  b y  ove rdes ign ing  a t  t h e  s a c r i f i c e  o f  c o s t ,  m a t e r i a l ,  
and compactness. I n  aerospace o r  m i l i t a r y  a p p l i c a t i o n s ,  where w e i g h t  i s  
a premium, geared systems a r e  o f t e n  des igned under  c o n d i t i o n s  v e r y  c l o s e  
t o  t h e  f a i l u r e  l i m i t s ,  t h u s  i n t r o d u c i n g  u n c e r t a i n t i e s  i n  pe r fo rmance  and 
l i f e  p r e d i c t i o n .  Moreover, gea r  s y s t e m s  a r e  g e n e r a l l y  d e s i g n e d  u s i n g  
s t a t i c  a n a l y s e s .  However ,  when g e a r  s y s t e m s  a r e  o p e r a t i n g  a t  h i g h -  
speed, t h e r e  a r e  s e v e r a l  f a c t o r s  a f f e c t i n g  t h e i r  per formance w h i c h  a r e  
enhanced b y  t h e  speed. S p e c i f i c a l l y ,  t h e  gear  b e h a v i o r  can be a f f e c t e d  
b y  such i t e m s  a s :  
1 )  T o r s i o n a l  s t i f f n e s s  o f  t h e  gear  s h a f t s .  
2 )  Gear t o o t h  l o a d i n g  and d e f l e c t i o n .  
3)  Gpar  t n n t h  spacing a n d  profile P r r n r S  
4 )  Speed o f  t h e  r o t a t i n g  b o d i e s .  
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5 )  Mount ing a l i gnmen t .  
6 )  
7 )  
8. T h e  m a s s  o f  t h e  d r i v i n g  ( p o w e r )  a n d  d r i v e n  ( l o a d )  
Dynamic ba lance of  r o t a t i n g  e lements .  
The mass o f  t h e  gears and s h a f t s .  
e l  ements. 
There i s  n o t  f u l l  agreement b y  researchers  on t h e  b e s t  methods f o r  
e v a l u a t i n g  d y n a m i c  l o a d  e f f e c t s .  Hence, a g e a r  d e s i g n e r  i s  o f t e n  
c o n f r o n t e d  w i t h  c o n f l i c t i n g  t h e o r i e s .  T h e r e f o r e  d e s i g n e r s  have had t o  
r e l y  on p a s t  exper ience,  s e r v i c e  s a t e t y  f a c t o r s ,  and upon e x p e r i m e n t a l  
da ta  w i t h  l i m i t e d  range o f  a p p l i c a b i l i t y .  
I f  m a j o r  advances i n  niechanica I r e 1  i a b i  1 i ty,  opt imum perforrr idnce 
and des ign  au tomat ion  a r e  t o  be ob ta ined,  more i n - d e p t h  unders tand ing  o f  
t h e  d y n a m i c  b e h a v i o r  i s  needed.  C o m p u t e r  a n a l y s i s  and  e x p e r i m e n t a l  
i n v e s t i g a t i o n  a r e  two s u i  t a b l e  approaches f o r  t h i s  s tudy.  Exper iments  
w h i c h  p r o d u c e  r e l i a b l e  r e s u l t s  a r e  c o s t l y  i n v o l v i n g  t i m e  c o n s u m i n g  
procedures.  Exper iments  a r e  g e n e r a l l y  more expensive,  b o t h  i n  t i m e  and 
money, t h a n  computer a n a l y s i s .  Hence, i f  r e l i a b l e  computer  s o f t w a r e  can 
be developed, t a k i n g  i n t o  account  t h e  parameters  used i n  exper iments ,  
many exper imen ta l  hours i n  t h e  a n a l y s i s  and d e s i g n  o f  spu r  gear  syst.ems 
c o u l d  be saved. 
I .2 L i t e r a t u r e  Survey 
Research e f f o r t s  on gear  system dynamics have been conducted f o r  
I n  1892, Lew is  [1]* recogn ized  t h a t  t h e  i ns tan taneous  l o a d  many years.  
*Numbers i n  b r a c k e t s  r e f e r  t o  References a t  t h e  end of  t h e  Repor t .  
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o f  t h e  t o o t h  was a f f e c t e d  b y  the  v e l o c i t y  o f  t h e  system. I n  1925, a 
l a r g e  e x p e r i m e n t a l  program was s t a r t e d  b y  a research  commi tt-ee, headed 
b y  E a r l  B u c k i n g h a m  [3 ] ,  a n d  e n d o r s e d  by t h e  A m e r i c a n  S o c i e t y  o f  
Mechanica l  Engineers.  They pub1 i s h e d  t h e  f i r s t  a u t h o r i t a t i v e  r e p o r t  on 
g e a r  dynamics i n  1931. T h i s  r e p o r t  p resen ted  a procedure on d e t e r m i n i n g  
t h e  s o - c a l l e d  dynamic l o a d  inc remen t  due t o  mesh dynamics and gear  t o o t h  
e r r o r s .  
I n  1959, A t t i a  [ 4 ]  p e r f o r m e d  e x p e r i m e n t  t o  d e t e r m i n e  a c t u a l  
He f o u n d  t h a t  B u c k i n g h a m ' s  r e s u l t s  gave  m o r e  i n s t a n t a n e o u s  l o a d i n g .  
c o n s e r v a t i v e  va lues .  
I n  1958, N iemann  and  R e t t i  [ 5 ]  f o u n d  t h a t  l a r g e r  masses  c a u s e d  
h i g h e r  dynamic l oads ,  b u t  as t h e  average l o a d  became l a r g e r  t h e  e f f e c t  
o f  l a r g e r  masses became l e s s  i m p o r t a n t .  They  a l s o  f o u n d  t h a t  v e r y  
h e a v i l y  l o a d e d  g e a r  s y s t e m s  showed  n o  a p p r e c i a b l e  d y n a m i c  l o a d  
inc remen t ,  whereas i n  l i g h t l y  and m o d e r a t e l y  loaded gear  systems t h e r e  
w e r e  c o n s i d e r a b l e  d y n a m i c  l o a d  i n c r e m e n t s .  I n  1958, H a r r i s  [ 6 ]  
suggested t h a t  f o r  gear  systems i s o l a t e d  f r o m  e x t e r n a l  s t i m u l i ,  t h e r e  
a r e  t h r e e  i n t e r n a l  sources o f  dynamic l oads :  1 )  E r r o r  i n  t h e  v e l o c i t y  
r a t i o  measured under t h e  work ing  load;  2) P a r a m e t r i c  e x c i t a t i o n  due t o  
s t i f f n e s s  v a r i a t i o n  o f  t h e  gear  t e e t h ;  and 3) N o n - l i n e a r i t y  o f  t o o t h  
s t i f f n e s s  when c o n t a c t  i s  l o s t .  I n  1970, Houser  and S e i r e g  [ 7 ]  developed 
a g e n e r a l i z e d  d y n a m i c  f a c t o r  f o r m u l a  f o r  s p u r  a n d  h e l i c a l  g e a r s  
o p e r a t i n g  a w a y  f r o m  s y s t e m  r e s o n a n c e s .  The f o r m u l a  t o o k  i n t o  
c o n s i d e r a t i o n  t h e  gear  geometry  and m a n u f a c t u r i n g  pa ramete rs  as we1 1 as 
t h e  dynamic c h a r a c t e r i s t i c s  o f  the  system. 
I n  1972,  I c h i m a r u  and  H i r a n o  [ 8 ]  a n a l y z e d  h e a v y - l o a d e d  s p u r  g e a r  
systems w i t h  m a n u f a c t u r i n g  e r r o r s  under  d i f f e r e n t  o p e r a t i n g  c o n d i t i o n s .  
T h e y  f o u n d  t h a t  t h e  change  i n  t o o t h  p r o f i l e  showed a c h a r a c t e r i s t i c  
t r e n d  t o  d e c r e a s e  d y n a m i c  l o a d .  I n  1978,  C o r n e l l  a n d  W e s t e r v c l t  [ 9 ]  
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presen ted  a c losed  f o r m  s o l u t i o n  f o r  a dynamic model o f  spu r  gear  system 
and showed t h a t  t o o t h  p r o f i l e  m o d i f i c a t i o n ,  system i n e r t i a  arid damping, 
and system c r i t i c a l  speeds, can have s i g n i f i c a n t  e f f e c t  upon t h e  dynamic 
loads .  I n  1981, Kasuba and Evans [ l o ]  presen ted  a l a r g e  s c a l e  d i g i t i z e d  
extended gear  mode l ing  procedure  t o  ana lyze  spur  gear  systems f o r  b o t h  
s t a t i c  and dynamic c o n d i t i o n s .  T h e i r  r e s u l t s  i n d i c a t e d  t h a t  gear  mesh 
s t i f f n e s s  i s  p r o b a b l y  t h e  k e y  e l e m e n t  i n  t h e  a n a l y s i s  o f  g e a r  t r a i n  
d y n a m i c s .  They showed t h a t  t h e  g e a r s  and t h e  a d j a c e n t  d r i v e  a n d  l o a d  
s y s t e m s  c a n  be d e s i g n e d  f o r  o p t i m u m  p e r f o r m a n c e  i n  t e r m s  o f  m i n i m u m  
a l l o w a b l e  dynamic loads, f o r  a wide range o f  o p e r a t i n g  speeds. 
I n  1 9 8 1 ,  Wang and Cheng [ l l ]  d e v e l o p e d  a n o t h e r  d y n a m i c  l o a d  
r e s p o n s e  a l g o r i t h m .  They  r e p o r t e d  t h a t  t h e  d y n a m i c  l o a d  i s  h i g h l y  
dependent on t h e  o p e r a t i n g  speed. Nagaya and Uematsu [12] s t a t e d  t h a t  
because t h e  c o n t a c t  p o i n t  moves a l o n g  t h e  i n v o l u t e  p r o f i l e ,  t h e  dynamic 
r e s p o n s e  s h o u l d  be  c o n s i d e r e d  as  a f u n c t i o n  o f  b o t h  t h e  p o s i t i o n  and 
speed  o f  t h e  m o v i n g  l o a d .  I n  1 9 8 2 ,  T e r a u c h i ,  e t  a l .  [13]  s t u d i e d  t h e  
e f f e c t  o f  t o o t h  p r o f i l e  m o d i f i c a t i o n s  on t h e  dynamic l o a d  o f  spur  gear  
systems. Accord ing t o  t h e i r  r e s u l t s ,  t h e  dynamic l o a d  c l e a r l y  decreased 
w i t h  p roper  p r o f i l e  m o d i f i c a t i o n s .  
1.3 O b j e c t i v e  
The o b j e c t i v e  o f  t h e  research  r e p o r t e d  h e r e i n  i s  t h e  development  of 
a t h e o r e t i c a l  b a s i s  and an a s s o c i a t e d  comptuer -a ided des ign  procedure,  
f o r  s t u d y i n g  dynamic b e h a v i o r  o f  spur  gear  systems. Procedures f o r  t h e  
research  i n c l u d e  t h e  f o l  1 owing s teps :  
1. The d e v e l o p m e n t  o f  a m a t h e m a t i c a l  mode l  o f  s p u r  g e a r  s y s t e m s  
c o n s i s t i n g  of  t h e  gears,  t he  s h a f t s ,  and t h e  connected masses. 
2.  The e v a l u a t i o n  o f  t h e  p r o p e r t i e s  o f  t h e  system components. 
3. The development of gove rn ing  equa t ions  f o r  t h e  e n t i r e  system. 
4. 
5. An e x a m i n a t i o n  o f  t h e  e f f e c t s  upon system b e h a v i o r  o f  t h e  f o l l o w i n g  
The development o f  a s t a t i c  and dynamic analyses o f  t h e  system. 
parameters:  
Mass moments o f  i n e r t , i a  
S t i f f n e s s  o f  components 
Opera t i ng  speeds o f  system 
Damping f a c t o r s  
System N a t u r a l  Frequency 
Con tac t  r a t i o s  
6. The d e v e l o p m e n t  o f  s y s t e m  componen t  m o d i f i c a t i o n  f o r  d e s i g n  
o p t i m i z a t i o n .  
The c o m p u t e r  s o f t w a r e  d e v e l o p e d  h e r e i n  i s  i n t e n d e d  t o  b e  u s e d  b y  
e n g i n e e r  and des igne rs  i n  t h e  development o f  a c t u a l  gear  systems. The 
d e v e l o p e d  s o f t w a r e  i s  b e l i e v e d  t o  be among t h e  m o s t  d e t a i l e d  and  
advanced p repared  t o  d a t e .  
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11. THE SYSTEM AND I T S  PROPERTIES 
11.1 System D e f i n i t i o n  and Methods o f  A n a l y s i s  
F i g u r e  11.1 shows a s k e t c h  a n d  a s c h e m a t i c  m o d e l  o f  N A S A  3000-hp  
t r a n s m i s s i o n  s t a n d .  The s y s t e m  i s  v e r y  e l a b o r a t e . .  However ,  o n e  c a n  
v i e w  t h e  s y s t e m  as c o n t a i n i n g  t h r e e  b a s i c  e l e m e n t s :  The f i r s t  i s  t h e  
gear; t h e  second i s  t h e  s h a f t ;  and t h e  t h i r d  i s  t h e  mass connected t o  
t h e  s h a f t .  Hence, an  e l a b o r a t e  s y s t e m  c a n  be  m o d e l l e d  by c o m p o n e n t s  
c o n s i s t i n g  o f  s i m p l e  g e a r  s e t .  F i g u r e  11.2 i l l u s t r a t e s  a m o d e l  o f  a 
s imp le  spu r  gear system w i t h  those  t h r e e  b a s i c  e lements.  
The s y s t e m  p r o p e r t i e s  s u c h  a s  s t i f f n e s s ,  i n e r t i a s ,  darnpings,  
f r i c t i o n s ,  c o n t a c t  r a t i o ,  need t o  be de te rm ined  t o  deve lop  t h e  dynamic 
a n a l y s i s .  
The s t a t i c  p r o p e r t i e s  o f  t h e  s y s t e m  a n d  i t s  c o m p o n e n t s  may  be  
o b t a i n e d  f r o m  t h e  l i t e r a t u r e  i n  g e a r i n g ,  a n d  f r o m  t h e  p r i n c i p l e s  o f  
s t r e n g t h  o f  m a t e r i a l s ,  mathemat ics,  l u b r i c a t i o n ,  v i b r a t i o n  a n a l y s i s ,  and 
f i n i t e  e l e m e n t  m e t h o d s .  These p r o p e r t i e s  a r e  u s e f u l  i n  t h e  s e q u e l  i n  
conduc t ing  the  dynamic a n a l y s i s .  
Given the  model, t h e  gove rn ing  equa t ions  o f  t h e  system a r e  w r i t t e n  
and i n t e g r a t e d .  It i s  assumed t h a t  t h e  dynamic a c t i v i t y  o f  t h e  yea rs  i s  
c o n f i n e d  t o  t h e  r o t a t i n g  p l a n e  o f  t h e  y e a r s .  The r o t a t i n g  a x e s  a r e  
assumed t o  be s y m m e t r i c a l .  O u t - o f - p l a n e  t w i s t i n g  a n d  m i s a l  i g n m e n t  
e f f e c t s  a r e  neg lec ted .  
A p a r a m e t r i c  s t u d y  i s  pe r fo rmed  t o  examine t h e  r e l a t i v e  e f f e c t s  o f  
r o t a t i n g  speed, a p p l i e d  load,  l u b r i c a t i o n  and damping, mass, s t i f f n e s s ,  
d i a m e t r a l  p i t c h  and c o n t a c t  r a t i o .  
F i n a l l y ,  a n a l a y t i c a l  p r o c e d u r e s  a r e  developed f o r  computer-a ided 
S p e c i f i c a l l y ,  t h e  s y s t e m  i s  m o d i f i e d  t o  o b t a i n  d e s i g n  o f  t h e  s y s t e m .  
6 
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F i g u r e  11.2.  A S i m p l e  S p u r  Gear System Model 
. 
improved per fo rmance based upon t h e  r e s u l t s  o f  t h e  s i m u l a t i o n .  These 
a r e  d iscussed i n  a subsequent r e p o r t .  
11.2 Spur Gear Geometry: The 1nvolut.e C u r w  and 1t.s U ~ P  as a Tooth P r o f i l e  - - ~ _ _  -- 
The I n v o l u t e  c u r v e  i s  used a l m o s t  e x c l u s i v e l y  for spur  gear  t o o t h  
p r o f i l e s .  The i n v o l u t e  p r o v i d e s  nun ierous  k i n e m a t i c  a d v a n t a g e s .  The 
i n v o l u e  g e n e r a l l y  d e s c r i b e d  as t h e  c u r v e  genera ted  b y  t h e  l o c u s  of  t h e  
end o f  a l i n e  unwound f r o m  t h e  C i r c u m f e r e n c e  o f  a c i r c l e .  See F i g u r e  
11.3. The c i r c l e  f r o m  w h i c h  t h e  s t r i n g  i s  unwound i s  c a l l e d  t h e  "base 
c i r c  1 e. I' 
The equa t ions  o f  t h e  i n v o l u t e  may be developed as f o l l o w s :  L e t  Rb 
be  t h e  r a d i u s  o f  base  c i r c l e .  L e t  r and 8 be  t h e  r a d i a l  and a n g u l a r  
c o o r d i n a t e s  o f  a p o i n t  on t h e  i n v o l u t e ,  and l e t  B be t h e  ang le  d i s p l a c e d  
b y  t h e  tangen t  l i n e  as shown i n  F i g u r e  11.3. Hence, we have 
( 1 1 . 1 )  
where $ i s  t h e  d i f f e r e n c e  between B and 8 a s  shown. 
The l e n g t h  o f  t h e  g e n e r a t i n g  l i n e  i s  a l s o  t h e  l e n g t h  o f  
t h e  c i r c u m f e r e n c e  of t h e  base c i r c l e  subtended b y  t h e  a n g l e  B .  Hence, 
we have 
b 
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Then f rom Equat ion  (11 .1)  we have 
. 
e =  tan- ’  
Rb Rb 
(11 .3)  
T h i s  i s  t h e  p o l a r  r e p r e s e n t a t i o n  o f  t h e  i n v o  
g e n e r a t i n g  l i n e  i s  a lways  normal  t o  t h e  i n v o l u t e  cu rve  
a m e a s u r e  o f  t h e  r a d i u s  o f  c u r v a t u r e  o f  t h e  i n v o  
U t e  c u r v e .  The 
and i t s  l e n g t h  i s  
ut,e c u r v e .  F o r  
e x a m p l e ,  l e n g t h  A P  i s  t h e  r a d i u s  o f  C u r v a t u r e  o f  i n v o l u t e  c u r v e  a t  
p o i n t  P.  
C o n s i d e r  t h e  a c t i o n  o f  one i n v o l u t e  a g a i n s t  a n o t h e r  i n v o l u t e  as  
shown i n  F i g u r e  11.4. The p o i n t  o f  c o n t a c t  between t h e  t w o  i n v o l u t e s  i s  
t h a t  PO 
t o  b o t h  
Hence, 
genera t  
n t  where t h e  tangen ts  t o  t h e  t w o  curves  c o i n c i d e .  The tangen ts  
i n v o l u t e s  a r e  a l w a y s  p e r p e n d i c u l a r  t o  t h e i r  g e n e r a t i n g  1 i n e s .  
t h e  t a n g e n t s  t o  t h e  t w o  i n v o l u t e s  c o i n c i d e  o n l y  when t h e  
ng l i n e  o f  one i s  a c o n t i n u a t i o n  o f  t h e  g e n e r a t i n g  l i n e  o f  t h e  
o t h e r .  There fore ,  t h e  l ocus  o f  p o i n t s  o f  c o n t a c t  between two  i n v o l u t e s  
i s  t h e  common t a n g e n t  ( A B )  t o  t h e  t w o  base  c i r c l e s  a s  shown i n  F i g u r e  
11.4. 
When an  i n v o l u t e  i s  r e v o l v e d  a t  a u n i f o r m  r a t e ,  t h e  l e n g t h  o f  i t s  
g e n e r a t i n g  l i n e  ( A E )  changes u n i f o r m l y .  S i m i l a r l y ,  t h e  l e n g t h  o f  t h e  
g e n e r a t i n g  l i n e  (BD) on t h e  ma t ing  i n v o l u t e  changes a t  t h e  same u n i f o r m  
r a t e .  The l e n g t h  o f  t h e  common t a n g e n t  ( A B )  t o  t h e  t w o  b a s e  c i r c l e s  
remains  cons tan t .  Hence, t h e  r e l a t i v e  r a t e  o f  m o t i o n  depends o n l y  upon 
t h e  r e l a t i v e  s i z e s  o f  t w o  base  c i r c l e s .  The c o n t a c t  t a k e s  p l a c e  o n l y  
a l o n g  t h e  common t a n g e n t .  T h e  r e l a t i v e  r a t e s  o f  r o t a t i o n  a r e  
independent  o f  t h e  d i s t a n t e  between t h e  c e n t e r s  o f  t h e  two base c i r c l e s .  
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The r e l a t i v e  r a t e s  o f  r o t a t i o n  o f  t h e  t w o  i n v o l u t e s  m a y  be  
rep resen ted  by t w o  p l a i n  d i s k s  wh ich  d r i v e  each o t h e r  b y  f r i c t i o n .  Such 
d i s k s  a r e  known as p i t c h  d i s k s ,  w h i l e  t h e i r  d i a m e t e r s  a r e  known as p i t c h  
d iameters .  
From F igu re  11.4 we see t h a t  t h e  i n t e r s e c t i o n  o f  t h e  common tangen t  
( A B )  w i t h  t h e  common c e n t e r  l i n e  o f  t h e  t w o  i n v o l u t e s  
e s t a b l i s h e s  t h e  p i t c h  p o i n t  P and  t h e  r a d i i  o f  t h e  t w o  p i t c h  c i r c l e s :  
Rpl and R 
(0102) 
P2 - 
The a n g l e  b e t w e e n  t h i s  common c e n t e r  l i n e  0102 and a l i n e  
p e r p e n d i c u l a r  t o  t h e  common t a n g e n t  A B  i s  c a l l e d  t h e  p r e s s u r e  a n g l e .  
T h e r e  i s  a r e l a t i o n  b e t w e e n  t h e  p i t c h  d i d i i i e t e r ,  b a s e  d i d i i i e t e r ,  and 
p r e s s u r e  a n g l e  o f  a n y  g i v e n  i n v o l u t e .  T h a t  i s  f o r  a g i v e n  p i t c h  
d iamete r ,  t h e r e  i s  a un ique  co r respond ing  p ressu re  ang le :  L e t  Rbl and 
be  t h e  base r a d i i  and l e t  R and R be t h e  p i t c h  r a d i i  o f  f i r s t  
Rb2 P l  P2 
and second i n v o l u t e s .  
L e t  4 be t h e  p ressu re  ang le .  
Then 
cos 4 and Rb2 = R c o s $  - 
R b l  - R p l  P2 
(11.4) 
Next ,  cons ide r  t ' i y u r e  11.5 wh ich  shows the i n v o l u t o  pro1 i l e  (.honrJe 
w i t h  r o l l  a n g l e .  L e t  E r e p r e s e n t  t h e  r o l l  d r i g l e ,  and l e t  t h e  a n g u l a r  
i n t e r v a l s  cb, E E ~ ,  and  be e q u a l .  We n o t e  f r o m  F i g u r e  11.5 t h a t  
t h e  l e n g t h  o f  t h e  c u r v e  ab  i s  much l e s s  t h a n  t h a t  o f  bc;  t h a t  bc  i s  
s h o r t e r  t h a n  cd; e t c .  Thus, when two  i n v o l u t e s  a r e  a c t i n g  a g a i n s t  each 
C '  
o t h e r ,  a c o m b i n e d  r o l l i n g  and s l i d i n g  a c t i o n  t a k e s  p l a c e  due t o  t h e  
v a r y i n g  l e n g t h s  o f  e q u a l  a n g u l a r  i n c r e m e n t s  on  t h e  p r o f i l e s .  From 
F i g u r e  11.5 i t  i s  e v i d e n t  t h a t  t h e  r a t e  o f  s l i d i n g  between t w o  i n v o l u t e s  
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z e r o  a t  t h e  p i t c h  p o i n t ,  and t h e n  changes  d i r e c t i o n ,  and  i n c r e a s e s  
aga in .  
Equat ions f o r  d e t e r m i n i n g  t h e  s l i d i n g  speed a t  any p o i n t  on a p a i r  
o f  i n v o l u t e  gear t e e t h  may be d e r i v e d  as f o l l o w s  [l]: The s l i d i n g  speed 
i s  t h e  d i f f e r e n c e  i n  speeds o f  t h e  ends o f  t h e  g e n e r a t i n g  l i n e s  o f  t h e  
i n v o l u t e s ,  p r o j e c t e d  normal t o  t h e  l i n e  o f  a c t i o n ,  a s  t h e y  pass th rough  
t h e  l i n e  o f  ac t i on .  The angu la r  v e l o c i t y  o f  t hese  g e n e r a t i n g  l i n e s  i s  
t h e  same as the angu la r  v e l o c i t i e s  o f  t h e  gears  themselves.  The s l i d i n g  
speed i s  then  de te rm ined  from t h e  p roduc ts  o f  t h e  a n g u l a r  v e l o c i t i e s  and 
t h e  l e n g t h s  o f  t h e  g e n e r a t i n g  l i n e s .  
Hence f r o m  F i g u r e  11.6 t h e  s l i d i n g  speed V s  may be expressed as:  
w h e r e  Rcl and R c 2  a r e  t h e  t o o t h  r a d i i  o f  c u r v a t u r e  o f  t h e  d r i v i n g  and  
d r i v e n  g e a r s  and where  w1 and u2 a r e  t h e  a n g u l a r  speeds o f  t h e  d r i v i n g  
and d r i v e n  gears .  L e t  V be t h e  p i t c h l i n e  speed.  Then V may be  
expressed as 
= R  w (11.6)  V = Rplul 
P2 2 
w h e r e  R a r e  t h e  p i t c h  r a d i i  o f  t h e  d r i v i n g  and d r i v e n  g e a r s .  
Hence, b y  s u b s t i t u t i n g  f o r  w1 and w 2  i n  E q u a t i o n  (11.5)  t h e  s l i d i n g  
speed becomes: 
and R 
P I  P2 
= v(--R-) c l  %2 = v(-,) 2 R q -  1Rc2 
R P l  P2 P l  P2 
v S  
14 
L 
( 1 1 . 7 )  
Circle 
i Base Circ l e  
F i g u r e  11.5 Roll A n g l e  a n d  C h a n g e  o f  I n v o l u t e  P r o f i l e  L e n g t h  
15 
C 
Figure 11.6 Involute Tooth Profile for Determining 






N e x t ,  l e t  rl and r2  measure t h e  r a d i a l  d i s t a n c e  f r o m  t h e  g e a r  
Then Rel  
r t h e  p r e s s u r e  and 0, t h e  
c e n t e r s  t o  t h e  t o o t h  c o n t a c t  p o i n t  (js shown i n  F i g u r e  11.6. 
and  R e 2  may be e x p r e s s e d  i n  t e r m s  o f  r 
base c i r c l e  r a d i i  Rbl and Rb2 and t h e  p i t c h  r a d i i  a s :  
1' 2 '  
t R ) s i n 4  R c l  + Rc2 = ( R p l  P2 
= /7-T rl - Rbl 
R c l  
(11.8) 
(11.9)  
F i n a l l y ,  b y  s u b s t i t u t i n g  f o r  R c l  and R c 2  i n  E q u a t i o n  (11.7) t h e  
s l i d i n g  speed V s  becomes (see [l]): 
- [ R  - R [ ( R  +R ) s i n $  - rn] bl 
R R  p2 1 b l  n l  P l  P2 
P l  P2 
"s - 
- ) [ -Rplsin4] (11.11) 
- R R  (Rpl+Rp2 3 V p l  P2 
11.3 D e f l e c t i o n  and S t i f f n e s s  o f  Spur Gear Teeth 
The s t a t i c  d e f l e c t i o n  o f  a p a i r  o f  m a t i n g  t e e t h  i s  assumed t o  be  
composed o f  t h e  f o l l o w i n g  components: 
1. C a n t i l e v e r  beam d e f l e c t i o n  o f  g e a r  t e e t h  i n c l u d i n g  b e n d i n g ,  
shear, and compression de fo rma t ion .  
2. D e f l e c t i o n  due t o  r o t a t i o n  o f  t o o t h  base  because  o f  t h e  
f l e x i b i l i t y  o f  t o o t h  founda t ion .  
3. Loca l  c o n t a c t  ( H e r t z )  deforn ia t ion a t  c o n t a c t  p o i n t .  
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The d e f l e c t i o n  o f  a g e a r  t o o t h  i s  c a l c u l a t e d  n o r m a l  t o  t h e  t o o t h  
p r o f i l e .  The f o u n d a t i o n  e f f e c t  and t h e  s h e a r  e f f e c t  a r e  i m p o r t a n t  
because o f  t he  "s tubbiness"  o f  a gear too th .  I n  t h i s  research  phase we 
c o n s i d e r  o n l y  Low Contact  R a t i o  Gears (LCRG), w i t h  c o n t a c t  r a t i o  between 
1.0 and 2.0. However ,  t h e  a n a l y s i s  c a n  e a s i l y  b e  e x t c n d e d  t o  h i g h e r  
c o n t a c t  r a t i o  gears. 
11.3.1 D i r e c t i o n  o f  t h e  A p p l i e d  ---- Load on a Tooth P r o f i l e  --
The a p p l i c a t i o n  p o i n t  and d i r e c t i o n  o f  t h e  t r a n s m i t t e d  l o a d  by 
meshing t e e t h  a t  d i f f e r e n t  c o n t a c t  p o s i t i o n s  can be o b t a i n e d  th rough  t h e  
i n v o l u t o m e t r y  o f  t h e  t o o t h  p r o f i l e :  g i v e n  t h e  p i t c h  r a d i u s  R t h e  
p r e s s u r e  a n g l e  4, and t h e  c i r c u l a r  p i t c h  P c ,  l e t  an  X - Y  c o o r d i n a t e  
s y s t e m  be d e f i n e d  a s  shown i n  F i g u r e  11.7. The t o o t h  t h i c k n e s s  on t h e  
p i t c h  c i r c l e ,  t The 
t o o t h  t h i c k n e s s  ti a t  a n y  o t h e r  p o i n t  i on t h e  t o o t h  p r o f i l e ,  w i t h  
r a d i u s  Ri f rom t h e  gear c e n t e r ,  can be expressed as 
P '  
i s  a p p r o x i m a t e l y  h a l f  o f  t h e  c i r c u l a r  p i t c h  Pc. 
P '  
ti = 2 Ri [ ( t  / 2 R  ) + 
P P  
i n v 4  - i n v e  i ]  (11.12) 
where O i  = cos- l (R / R  ) and where i n v  x i s  t h e  i n v o l u t e  f u n c t i o n  d e f i n e d  
as: 
b i  
i n v  x = t a n  x - x (11.13) 
The ang le  x between t h e  Y-ax is  and t h e  r a d i a l  l i n e  t o  t h e  c o n t a c t  p o i n t  
i s :  
q i  = ( tp /2Rp)  + i n v 4  - i n v  8 ( I I .  14)  
The a n g l e  f3 between t h e  t r a n s m i t t e d  l o a d  a t  p o i n t  i and t h e  x - a x i s  i s :  
18 
Y 
F i g u r e  11.7 D i r e c t i o n  o f  T r a n s m i t t e d  Load 
19 
s i  = ei - Q~ 
The cho rda l  t o o t h  t h i c k n e s s  h a t  p o i n t  i i s  
hi = 2Ri s in$ i  
F i n a l l y ,  t h e  x and y c o o r d i n a t e s  a t  p o i n t  i a r e :  
i Yi = Ri s i n $  
i Xi = Ri cos$  
( I  I .  1 5 )  
(11 .16)  
( I  I .  1 7 )  
These c o o r d i n a t e s  w i l l  be u s e f u l  i n  d e v e l o p i n g  g e o m e t r i c a l  
p r o p e r t i e s  f o r  c a l c u l a t i n g  d e f l e c t i o n  and s t i f f n e s s .  
11.3.2 The Tooth As a C a n t i l e v e r  Beam - ~ - -  
The i n v o l u t e  p o r t i o n  o f  a g e a r  r o o t h  may be  m o d e l l e d  as  a non-  
u n i f o r m  c a n t i l e v e r  beam [9 ,  141. L e t  io be  an  e f f e c t i v e  l e n g t h  w h i c h  
extends from the  t i p  t o  t h e  beg inn ing  o f  f i l l e t  area as shown i n  F i g u r e  
11.8. L e t  t h e  beam be d i v i d e d  i n t o  a sequence o f  segmen ts  as shown. 
The d e f l e c t i o n  and compl iance can then  be o b t a i n e d  u s i n g  t h e  p r i n c i p l e s  
of e l e m e n t a r y  s t r e n g t h  o f  m a t e r i a l s .  f o r  each segment i, t h e  h e i g h t  Yi, 
t h e  c r o s s - s e c t i o n a l  area Ai, and t h e  area moment on i n e r t i a  Ti a r e  taken 
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Figure 11.8 Geometry and Segiment M o d e l l i y  o f  the Involute P o r t i o n  
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Pi = (Yi + Yitl) / 2 
A i  = (Ai + Aitl) / 2 = 2 F Yi (11.18) 
Ii = ( I i  t Iitl) / 2 = F(Y: + Y;t1)/3 
where F i s  t he  f a c e  w i d t h .  The d e f l e c t i o n  a t  t h e  l o a d i n g  p o i n t ,  i n  t h e  
d i r e c t i o n  o f  l o a d ,  i s  o b t a i n e d  by s u p e r i m p o s i n g  t h e  d e f l e c t i o n  
c o n t r i b u t i o n  o f  t h e  i n d i v i d u a l  segmen ts .  Each segmen t  i t s e l f  i s  
c o n s i d e r e d  a s  a c a n t i l e v e r  beam h a v i n g  t h e  i n n e r  end f i x e d  and t h e  
r e m a i n d e r  o f  t h e  t o o t h  a d j a c e n t  t o  t h e  o t h e r  end  o f  t h e  segmen t ,  as a 
r i g i d  ove rhand .  F i g u r e  11.8 shows t h e  a p p l i e d  l o a d  r e s o l v e d  i n t o  a n  
e q u i v a l e n t  sys tem o f  f o r c e s  and moments  a t  t h e  o u t e r  f a c e  o f  t h e  
segment. The components a re :  
Wlj = w j  cosB 
j 
j 
W Z j  = W j  s i n 6  (11.19)  
Mij = W j  (L i j  cos6 j - Y .  J s i n @ . )  J 
where i r e f e r s  t o  t h e  segment, j r e f e r s  t o  t h e  l o a d i n g  p o s i t i o n ,  Li j  i s  
t h e  d i s t a n c e  f r o m  j t o  i, W .  i s  t h e  t r a n s m i t t e d  l o a d ,  W and W a r e  J 1 j  2 j  
t h e  component l o a d s  a t  i, and Mij i s  t h e  moment a t  i due t o  t h e  l o a d  a t  
11.3.2.1 Bending d e f o r m a t i o n  
The d e f o r m a t i o n  a t  t h e  l o a d  p o s i t i o n  j due t o  t h e  d e f o r m a t i o n  o f  





( i )  Disp lacements due t o  l o a d  W.cos$ J 
(ii) Displacements due t o  moments M . .  ' J  
W.(L .  . c o s @ .  - Y . s i n 6 . )  
(qR2) i j 1 1J  
- - - ( T . L .  . )  
Ee'i 
(11.20) 
(11 .21)  
( I 1  22) 
( I I .  2 3 )  
where Ti 
bend ing  and qR i s  t h e  d isp lacement  due t o  r o t a t i o n .  
i s  t h e  t h i c k n e s s  o f  segment i, qB i s  t h e  d i s p l a c e m e n t  due t o  
I n  t h e  above  e x p r e s s i o n s ,  Ee i s  t h e  " E f f e c t i v e  Young's  m o d u l u s  o f  
e l a s t i c i t y ' '  whose v a l u e  depends u p o n  w h e t h e r  t h e  t o o t h  i s  " w i d e "  o r  
"narrow".  Acco rd ing  t o  Corne l1  [14] ,  a wide t o o t h  i s  one f o r  which 
F / Y  > 5 (11.24) 
w h e r e  Y i s  t h e  t o o t h  t h i c k n e s s  a t  t-he p i t c h  p o i n t .  I n  t h i s  c a s e  t h e  
t o o t h  approx imates p l a i n  s t r a i n  de for r r ia t ion  and Ee i s  
( I  I .25) 2 Ee = E / ( 1  - ) 
where E i s  Young's modulus o f  e l a s t i c i t y  and v i s  Po isson 's  r a t i o .  Fo r  
a "narow" t o o t h ,  
F l y  < 5 (11 .26)  
I n  t h i s  case t h e  t o o t h  approximates p l a n e  s t r e s s  d e f o r m a t i o n  and E i s :  e 
E = E  e 
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( I I . 2 7 )  
11.2.2.2 Shear Deformat ion  
The shear d e f o r m a t i o n  (qs)ij i s  caused by t h e  t r a n s v e r s e  component 
o f  t h e  a p p l i e d  l o a d .  I t  d i s p l a c e s  t h e  c e n t e r l i n e  w i t h o u t  r o t a t i o n .  
For  a rec tangu a r  c r o s s  s e c t i o n ,  t h e  shear  d e f o r m a t i o n  i s :  
11.2.2.3. A x i a l  Compression 
j 
T h i s  a x i a l  compress ion (q  ) .  . i s  caused by t h e  component W .  s inR 
C 1J J 
and i s  g i v e n  by 
11.3.2.4 T o t a l s  
( I 1  2 9 )  
The t o t a l  d i sp lacemen t  a t  t h e  l o a d  p o s i t i o n  j ,  i n  t he  d i r e c t i o n  o f  
t h e  l o a d ,  due t o  d e f o r m a t i o n  o f  segmen t  i c a n  t h u s  b e  f o u n d  frorn t h e  
exp ress ions :  
(1) For  a wide t o o t h ,  ( p l a n e  s t r a i n ) :  
2 c 0 s ~ ~ s i t - 1 ~ .  T . Y .  T i Y i L i i  
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. I t  Ti  ----------I(++ ‘e 
2 s i n  2 R J  T i  (-)I (11.30) 
A i  





(2) For  a narrow t o o t h  ( p l a n e  s t r e s s ) :  
cos 2 BiTi (Ti/3 3 + T iL . .  + L i i )  2 - t a n  rii( Tfi+ 2 Y . L .  . )  I S l ) i j  = w .  [ - J ' 5 - 3  
I .  Ee 1 
( 1 1 . 3 1 )  - 1  
2 . 4 ( 1 + ~  ) t t an2p ,  
Ai 
+ 
11.3.3 F l e x i b i l i t y  -- o f  t h e  F i l l e t  - and Foundat ion  
T h e  e f f e c t  o f  t h e  f l e x i b i l i t y  o f  t h e  f o u n d a t i o n  u p o n  t h e  
d e f o r m a t i o n  a t  t h e  l o a d  p o i n t  i s  a f u n c t i o n  o f  t h e  f i l l e t  geometry, and 
t h e  l o a d  p o s i t i o n  and d i r e c t i o n .  T h i s  d e f o r m a t i o n  i s  i n f l u e n c e d  b y  t h e  
e f f e c t i v e  f i l l e t  l e n g t h  and the  f i l l e t  ang le  ( a p p r o x i m a t e l y  7 5 " ) .  
F i g u r e  11.9 shows a model  o f  a g e a r  t o o t h ,  i t s  f i l l e t ,  and  i t s  
f o u n d a t i o n .  U s i n g  t h e  n o t a t i o n  o f  t h e  f i g u r e ,  d e f l e c t i o n  i n  t h e  
d i r e c t i o n  o f  l o a d  a t  t h e  l o a d i n g  p o i n t  due t o  beam compl iance o f  f i l l e t  
r e g i o n ,  q fb '  i s  g i v e n  b y  t h e  f o l l o w i n g  exp ress ions :  
(1) For  a narrow t o o t h  ( p l a n e  s t r e s s ) :  
( 2 )  Fo r  a w ide  t o o t h  (p lane  s t r a i n ) :  
'_I 
(Afb)i (I I .  32)  
. ( T ~ ~ ) ~ Y ~ ( L ~ ~ ) ~ .  sin'g . ( T  1 .  4+  &( mfb. '  .17 
( I  I .  3 3 )  
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T o u n d  at ion 
region 
Figure 11.9 Model o f  t h e  F i l l e t  and Founda t ion  
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S i m i l a r l y ,  t h e  d e f l e c t i o n  due t o  f o u n d a t i o n  f l e x i b i l i t y ,  q fe  i s :  
( 1 )  Fo r  narrow t o o t h  (p lane  s t r e s s ) :  
( 2 )  For a w ide  t o o t h  (p lane  s t r a i n ) :  
( 1 1 . 3 4 )  
+ 1.534(1+ tan26 +" ( I  I .  35) *j ' 
where ( L f ) i  and h f  a r e  
( L f ) i  = L~ + r ( s i n y F  - sin;) 
and 
- 
h f  = h + Z r ( c o s 7  - c o s y f )  
where 
( I  I .  3 6 )  
(11 .37)  
( I  1 -38 )  
A number  o f  i n v e s t i g a t o r s  have  s t u d i e d  t h e  f l e x i b i l i t y  o f  g e a r  
tee th .  Exper imen ta l  measurements have been made by  Timoshenko and Baud 
[16 ] ,  W a l k e r  [ 1 6 ] ,  Buck ingham [16 ] ,  and Van Z a n d t  [16 ] .  T h e o r e t i c a l  
ana lyses  have been developed by Timoshenko and Baud [16], Walker  [16], 
Weber [16] ,  R i c h a r d s o n  [ 1 6 ] ,  and A t t i a  [16 ] .  The r e s u l t s  o f  some o f  
these a r e  compared w i t h  t h e  r e s u l t s  h e r e i n  i n  F i g u r e  11.12. I t  i s  seen 
t h a t  t h e y  have s i m i l a r  shapes b u t  d i f f e r e n t  magni tudes.  The d i sc repancy  
2 1  
may be due t o  t h e  f o l l o w i n g  f a c t o r s :  
1) D i f f e r e n t  r e f e r e n c e  p o i n t s  o f  ze ro  dt l for i r ia t ior i .  
2 )  D i f f e r e n t  f o r m u l a s  u s e d  t o  ( : d l C u l t ~ t e  t h e  d e f o r m a t i o n  a t  t h e  
f ,ex  
c o n t a c t  a rea .  
3 )  E m p i r i c a l  f o r m u l a s  e x t e n d e d  b e y o n d  t h e  a c c u r a c i e s  o f  
exper imenta l  da ta .  
F i n a l l y ,  t h e  t o t a l  d e f l e c t i o n  i n  t h e  d i r e c t i o n  o f  l o a d  due t o  t h e  
b i l i t y  o f  t h e  f i l l e t  and t h e  f o u n d a t i o n  i s  o b t a i n e d  b y  add ing  t h e  
above i n d i v i d u a l  d e f l e c t i o n s .  That  i s ,  
( I  I . 3 5 )  
11.3.4 Loca l  Compliance -- Due t o  Contac t  Forces 
The l o c a l  c o n t a c t  d e f o r m a t i o n  c o n s i s t s  o f  t w o  e lements :  One i s  t h e  
H e r t z  ( o r  l i n e - c o n t a c t )  d e f o r m a t i o n  and t h e  o t h e r  i s  genera l  compress ion  
o f  t h e  t o o t h  between t h e  c o n t a c t  p o i n t  and t h e  t o o t h  c e n t e r l i n e .  
U s i n g  p r o c e d u r e s  o f  L u n d b e r g  a n d  P a l m g r e n  [ 3 7 ] ,  f o r  c o n t a c t  
compl iance of c y l i n d e r s  i n  r o l l e r  bear ing ,  t h e  l o c a l  d e f o r m a t i o n  o f  yea r  
t e e t h  may be approx imated a s :  
where 
1 . 2 7 5  
( q 3 ) i  j = 0.9F0.8w0.1 
j 
E 1 2  
E12 = ( 2  E l  E 2 ) / ( E 1  + E 2 )  
( 1 1 . 3 7 )  
( 1 1 . 3 8 )  
where E l  and E2 a r e  t h e  e l a s t i c  m o d u l i i  o f  t h e  d r i v i n g  and d r i v e n  gears 
r e s p e c t i v e l y .  Equat ion  (11.37) g i v e s  t h e  c o n t a c t  compl iance a t  t h e  j t h  
c a l c u l a t i o n  p o i n t .  However, t h e  conipl i a n c e  depends upon t h e  magni tude 
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of  t h e  l o a d  shared a t  t h e  l o a d i n g  p o s i t i o n .  The magni tude i s  unknown. 
N e v e r t h e l e s s ,  s i n c e  t h e  l o a d  i n  E q u a t i o n  (11 .37)  i s  r a i s e d  t o  t h e  one-  
t e n t h  p o w e r ,  t h e r e  i s  l i t t l e  e r r o r  i n  r e p l a c i n g  i t  b y  t h e  a v e r a g e  
t r a n s m i t t e d  l o a d .  
11.3.5 T o t a l  D e f l e c t i o n  and S t i f f n e s s  
The t o t a l  d e f o r m a t i o n  (q,)i a t  l o a d  p o s i t i o n  j i n  t h e  d i r e c t i o n  o f  
l o a d  i s  t h e  SUN o f  a l l  t h e  deforniat ior is c a l c u l a t e d  above. I t  t h e  nuniber 
o f  segments i s  n, t hen  
( 1 1 . 3 9 )  
F i g u r e s  11.10 t o  11.12 show t h e  n o r m a l i z e d  t o t a l  d e f o r m a t i o n  of a 
p a i r  o f  t e e t h  a l o n g  p a t h  o f  c o n t a c t  f o r  t w o  d i f f e r e n t  cases ( d i f f e r e n t  
gea r  r a d i i ) .  
The e q u i v a l e n t  s t i f f n e s s  o f  a gear  t o o t h  i s  d e f i n e d  as t h e  r a t i o  o f  
t h e  t r a n s m i t t e d  l o a d  and t h e  t o t a l  d e f o r m a t i o n :  
D 
Hence t h e  average s t i f f n e s s  o f  a meshing t o o t h  p a i r  i s :  
( I  I . 40 )  
( 1 1 . 4 1 )  
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F i g u r e  11.10 Normal ized Deformat ions o f  a P a i r  o f  Teeth,  D iamet ra l  P i t c h :  
Pressure' Angle:  Zoo ;  P i t c h  R a d i i :  Rpl=Rp2= 2.25 i n .  
8; 
ORIGINAL $&:E FS 
OF POOR QUALITY 
F i g u r e  11.11 Normal ized Deformat ion o f  a P a i r  o f  Teeth, D i d m e t r a l  P i t c h :  8; 
= 2 . 2 ! ) ,  R = 6 . ' / 5  i n .  
R P l  P? 





Figure 1.1.12 Comparison o f  Results for Normalized Deformation o f  a Too th  pa i r ,  
Diametral Pitch: 6;  Pressure A n g l e :  20"; P i t c h  R a d i i :  
R p l = R p 2 = 2 . 2 5  in .  
11.4 Mesh Analysis 
11.4.1 Analysis -- of the Meshing Cycle 
Figure 11.13 i l l u s t r a t e s  the  m o t i o n  o f  a p a i r  o f  meshing t e e t h .  
The i n i t i a l  contact occurs a t  A, where the addendum c i r c l e  of the driven 
gear  i n t e r s e c t s  the ' l ine o f  act ion.  As the  gears  rot i l te  the point  o f  
con tac t  w i l l  move a l o n g  the  l i n e  o f  a c t i o n ,  A P D .  When the t o o t h  p a i r  
reaches B, the  recess ing  t o o t h  p a i r  disengages a t  D leaving only one 
too th  p a i r  in c o n t a c t .  From B through P t o  C i s  then a s i n g l e  c o n t a c t  
zone for low contact ra t io  gears. When the t o o t h  pair  reaches point C ,  
the next t o o t h  pair begins engagement a t  A and  s t a r t s  another cycle. 
I n  o u r  a n a l y s i s ,  the  pos i i ton  of the c o n t a c t  p o i n t  o f  the  gear 
t e e t h  a l o n g  t he  1 ine o f  ac t ion  i s  expressed i n  terms o f  r o l l  angles  o f  
the driving gear t o o t h .  This i s  therefore consistent w i t h  the analysis 
of gear t o o t h  deflection and s t i f fness ,  which i s  also expressed i n  terms 
of  r o l l  angles of the driving gear t o o t h .  
11.4.2 Transmission Error, St i f fness ,  -- a n d  Load Sharing 
Transmission e r r o r  i s  defined as  the  depar ture  o f  a meshing gear 
pair  from the constant-angular speed ra t io ,  as expected from the t o o t h  
number ratio.  Transmission error i s  thus the measure of instantaneous 
variation from the ideal nominal value. Transmission error  a r i ses  from 
the following sources: 
1. 
2 .  Tooth spacing error  
3.  Tooth prof i le  error 
4.  R u n o u t  error  
Combined deflection of meshing teeth 
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Figure 11.13 Illustration o f  Gear Meshing Action 
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U s u a l l y  t h e  t r a n s m i s s i o n  e r r o r  i s  e x p r e s s e d  a s  an  a n g u l a r  v a l u e .  
However ,  l i n e a r  v a l u e s  a r e  c o n v e n i e n t  f o r  u s e  i n  d e s i g n  and a n a l y s i s  
computa t ions .  S p e c i f i c a l l y ,  i n  c a l c u l a t i n g  t h e  t o t a l  t r a n s m i s s i o n  e r r o r  
f o r  a meshed g e a r  p a i r ,  t h e  l i n e a r  componen t  v a l u e s  f o r  each  g e a r  a r e  
o f t e n  t h e  same, whereas  t h e  a n g u l a r  v a l u e s  a r e  a s p e c t r u m ,  i n v e r s e l y  
p r o p o r t i o n a l  t o  t h e  p i t c h  r a d i i .  
T ransmiss ion  e r r o r  and i t s  components a t  t h e  c o n t a c t  p o i n t  may be 
(The r u n o u t  e r r o r  i s  combined w i t h  expressed i n  t h e  f o l l o w i n g  n o t a t i o n :  
t h e  t o o t h  spac ing  e r r o r s )  
Ed: 
E S :  The t o o t h  spac ing  e r r o r .  
The d e f l e c t i o n  o f  gear t e e t h  a t  t h e  c o n t a c t  p o i n t .  
E s  i s  p o s i t i v e  i f  t h e  t o o t h  spac ing  
o f  t h e  d r i v e n  g e a r  i s  l e s s  t h a n  t h e  base  p i t c h  Pb,  o r  i f  t h e  
t o o t h  s p a c i n g  o f  d r i v i n g  g e a r  i s  g r e a t e r  t h a n  t h e  base  p i t c h  
Pb. Otherw ise ,  E s  i s  nega t i ve .  
P 
: The t o o t h  p r o f i l e  e r r o r .  E i s  p o s i t i v e  i f  m a t e r i a l  i s  
removed f r o m  t h e  su r face  a t  t h e  c o n t a c t  p o i n t .  A l t e r n a t i v e l y ,  
E i s  n e g a t i v e  i f  m a t e r i a l  i s  added t o  t h e  s u r f a c e  a t  t h e  
c o n t a c t  p o i n t .  
The t r a n s m i s s i o n  e r r o r  a t  t h e  c o n t a c t  p o i n t .  
i f  t h e  d r i v i n g  g e a r  l e a d s  t h e  d r i v e n  g e a r .  
n e g a t i  ve. 
P 
Et: Et i s  p o s i s t i v e  
O t h e r w i s e ,  E t  i s  
L e t  t h e  s e q u e n c e  o f  m a t i n g  t o o t h  p a i r s  b e  d e s i g n a t e d  b y :  
a, b, c ,  ... e t c .  L e t  t h e  s u b s c r i p t s  1 and 2 d e s i g n a t e  t h e  d r i v i n g  and 
d r i v e n  g e a r s  r e s p e c t i v e l y .  Then t h e  t r a n s m i s s i o n  e r r o r  ( E  ) .  and  t h e  
l o a d  s h a r i n g  W .  a t  c o n t a c t  p o i n t  j may be expressed as f o l l o w s :  For  t h e  
doub le  c o n t a c t  zone w i t h  t o o t h  p a i r s  a and b i n  c o n t a c t ,  we have: 
t J  
J 
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( I I . 4 2 )  
and 
( I I .  43)  
( I  I . 4 4 )  
w h e r e  W i s  t h e  t o t a l  t r a n s m i t t e d  l o a d .  F o r  t h e  s i n g l e  c o n t a c t  zone, 
w i t h  o n l y  t o o t h  p a i r  a i n  c o n t a c t ,  we have: 
wa = w 
j 
( 1 1 . 4 5 )  
( 1 1 . 4 6 )  
To s i m p l i f y  t h e  n o t a t i o n ,  we i n t r o d u c e  t h e  f o l l o w i n g  i t ems :  
w h e r e  Q i s  t h e  c o m p l i a n c e  a t  c o n t a c t  p o i n t  j. To s i m p l i f y  t h e  
a n a l y s i s ,  we assume i h a t  t h e  t r a n s m i s s i o n  e r r o r  i s  t h e  same f o r  t o o t h  
p a i r s  a a n d  b when t h e y  a r e  s h a r i n g  t h e  t r a n s m i t t e d  l o a d .  Hence, we 
have 
j 
( 1 1 . 5 0 )  b ( E a  ) .  = (E ) .  = (E ) .  t J  t J  t J  
S u b s t i t u t i n g  f r o m  E q u a t i o n s  (11 .47) ,  ( 1 1 . 4 3 ) ,  (11 .49 )  clnd ( 1  1.50) i n t o  
Equat ions ( 1 1 . 4 2 )  and ( 1 1 . 4 3 ) ,  we o b t a i n  t h e  r e l a t i o n :  
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(11.50)  




If a l l  e r r o r s  except  t o o t h  d e f l e c t i o n  a r e  i gno red  then W a  and W 
j 
a r e :  
(11.55)  
F i g u r e  11 .14  s h o w s  t y p i c a l  s t i f f n e s s  a n d  l o a d  s h a r i n g  
c h a r a c t e r i s t i c s  o f  a l o w  c o n t a c t  r a t i o  gear  w i t h  t o o t h  d e f l e c t i o n  b u t  no 
o t h e r  t r a n s m i s s i o n  e r r o r s .  L e t  a s e r i e s  o f  m a t i n g  t o o t h  p a i r s  be 
d e n o t e d  as  a, b, c, d and l e t  p o i n t s  A, B, P, C,  D be  t h e  same as  t h o s e  
i n  F i g u r e  11.13. Then, AB and CD r e p r e s e n t  t h e  doub le  c o n t a c t  reg ions ,  
BC r e p r e s e n t s  t h e  s i n g l e  c o n t a c t  r e g i o n ,  and P i s  t h e  p i t c h  p o i n t .  
The s t i f f n e s s  v a l u e s  a t  d o u b l e  c o n t a c t  r e g i o n s  a r e  c l e a r l y  much 
h i g h e r  t h a n  t h o s e  a t  s i n g l e  c o n t a c t  r e g i o n s .  When g e a r s  r o t a t e  a t  
a p p r e c i a b l e  speed, t h i s  t i m e - v a r y i n g  s t i f f n e s s  as shown i n  F i g u r e  11.16 
i s  t h e  ma jo r  e x i c t a t i o n  source f o r  t h e  dynamic response o f  gear  systems. 
The t o t a l  t r a n s m i t t e d  l o a d  i s  s h a r e d  b e t w e e n  t w o  p a i r s  o f  t e e t h  
w i t h i n  doub le  c o n t a c t  reg ions .  The magn i tude o f  t h e  l o a d  shared b y  each 
i n d i v i d u a l  t o o t h  p a i r  depends on t h e  s t i f f n e s s  o f  t h a t  t o o t h  p a i r .  The 
h i g h e r  t h e  s t i f f n e s s ,  t h e  h i g h e r  t h e  shared l o a d .  
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Fisirre 11.14 S t i f f n e s s  a n d  Load Sharing of  Low Contact  R a t i o  
Gears a s  i n  Figure 11.10, a t  1600 rprn. 
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11.5 L u b r i c a t i o n  and F r i c t i o n  
11.5.1 Boundary, Mixed, - and Hydrodynamic L u b r i c a t i o n  
A purpose o f  l u b r i c a t i o n  i s  t he  r e d u c t i o n  o f  f r i c t i o n  between m a t i n g  
s u r f a c e s .  The r e l a t i v e  m o t i o n  b e t w e e n  m a t i n g  g e a r  t e e t h  p r o d u c e s  
s l i d i n g  and  r o l l i n g  f r i c t i o n  w h i c h  c a n  be  r e d u c e d  b u t  n o t  t o t a l l y  
e l i m i n a t e d .  The f r i c t i o n  developed depends upon t h e  f o l l o w i n g :  
( 1 )  The c h a r a c t e r i s t i c s  of  t h e  l u b r i c a n t .  
( 2 )  
( 3 )  
( 4 )  
There a r e  f o u r  b a s i c  cases o f  l u b r i c a t i o n  wh ich  may be d e s c r i b e d  as 
The p ressu re  e x e r t e d  between t h e  c o n t a c t i n g  bod ies .  
The n a t u r e  and c o n d i t i o n  o f  t h e  c o n t a c t i n g  su r faces .  
The ambient  and su r face  tempera tures .  
f o l l o w s :  
1. B o u n d a r y  L u b r i c a t i o n :  I n  t h i s  c a s e  t h e  f r i c t i o n  i s  m a i n l y  due t o  
t h e  i n t e r a c t i o n  o f  a s p e r i t i e s  o f  t h e  c o n t a c t i n g  su r faces .  
2. M ixed L u b r i c a t i o n  [ P a r t i a l  E l  astohydrodynamic(  EHD) L u b r i c a t i o n ] :  I n  
t h i s  c a s e  t h e  f r i c t i o n  i s  c r e a t e d  b y  b o t h  t h e  i n t e r a c t i o n  o f  
a s p e r i t i e s  and b y  e lastohydrodynamic e f f e c t s .  
3. E l a s t o h y d r o d y n a m i c  (EHD) L u b r i c a t i o n :  I n  t h i s  c a s e  t h e r e  i s  no 
i n t e r a c t i o n  o f  t h e  a s p e r i t i e s .  The f r i c t i o n  i s  a f u n c t i o n  o f  t h e  
f l u i d  p r o p e r t i e s  o f  t h e  l u b r i c a n t  and  i n  c e r t a i n  s i t u a t i o n s ,  t h e  
s u r f a c e  q u a l i t y .  The ma t ing  su r faces  deform e l a s t i c a l l y .  
4. Hydrodynamic L u b r i c a t i o n :  Th is  case i s  t h e  same as EHD L u b r i c a t i o n  
excep t  t h a t  t h e r e  i s  no d e f o r m a t i o n  o f  t h e  m a t i n g  sur faces .  
F i g u r e  11.15 i l l u s t r a t e s  t h a t  these fou r  cases, and F i g u r e  11.16 shows a 
r e p r e s e n t a t i o n  of  t h e  f r i c t i o n  c o e f f i c i e n t  f o r  t h e  f o u r  cases .  
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F i g u r e  11.15 L u b r i c a t i o n  Cases: (1) Hydrodynamic; 
( 2 )  E lastohydrodynamic (EHD); ( 3 )  Mixed; 
( 4 )  Boundary. 
3ou ndary  
ivli xed 
E H D  Hydrodynamic 
/ 
S p e c i f i c  F i l m  Thickness 
F i g u r e  11.16 C o e f f i c i e n t  o f  F r i c t i o n  o f  D i f f e r e n t  L u b r i c a t i o n  Cases 
An i m p o r t a n t  pa ramete r  f o r  s e p a r a t i n g  reg imes  i s  t h e  s p e c i f i c  f i l m  
t h i c k n e s s  A ,  d e f i n e d  as :  
X = hmin / S "  ( I  I .  56)  
where hmin i s  t h e  EHD minimum o i l  f i l m  t h i c k n e s s  and SI' i s  t h e  composi te  
s u r f a c e  roughness. S "  may be expressed as:  
S "  = 4 q - q  ( I I .  5 7 )  
T h e  s u r f a c e  r o u g h n e s s  v a r i e s  f o r  S 1  a n d  S 2  a r e  n o r m a l l y  
a r i  t h m e t i c - a v e r a g e  ( A A )  v a l u e s .  [ F o r m e r 1  y, r o o t - m e a n - s q u a r e  (RMS) 
v a l u e s  w e r e  u s e d  f o r  s u r f a c e  f i n i s h .  The RMS v a l u e  i s  a p p r o x i m a t l e y  
1.11 t i m e s  t h e  AA v a l u e . ]  
Fo r  Boundary L u b r i c a t i o n ,  x i s  l e s s  t h a n  1 (X<1), and t h e  gears may 
b e  t h o u g h t  o f  as  r u n n i n g  w e t  w i t h  o i l .  I n  t h i s  c a s e  t h e  t h i c k n e s s  o f  
t h e  o i l  f i l m  i s  q u i t e  s m a l l  c o m p a r e d  w i t h  t h e  s u r f a c e  r o u g h n e s s .  
E s s e n t i a l l y  f u l l  s u r f a c e - t o - s u r f a c e  c o n t a c t  i s  o b t a i n e d  i n  t h e  H e r t z i a n  
c o n t a c t  b a n d  a r e a .  T h i s  i s  t y p i c a l  o f  s l o w - s p e e d ,  h i g h - l o a d  g e a r s  
r u n n i n g  w i t h  a r o u g h  s u r f a c e  f i n i s h .  H a n d - o p e r a t e d  g e a r s  i n  w i n c h e s ,  
f o o d  presses,  and j a c k i n g  dev i ces  a r e  t y p i c a l  o f  such yea rs .  
F o r  M i x e d  L u b r i c a t i o n  X i s  b e t w e e n  1 and  5 ( 1 < X < 5 ) ,  a n d  p a r t i a l  
s u r f a c e - t o - s u r f a c e  c o n t a c t .  The a s p e r i t i e s  o f  t h e  t o o t h  s u r f a c e s  
c o l l i d e  w i t h  e a c h  o t h e r ,  b u t  s u b s t a n t i a l  a r e a s  o f  t h e  s u r f a c e s  a r e  
separa ted  b y  a t h i n  f i l m .  Mixed L u b r i c a t i o n  i s  t y p i c a l  o f  medium-speed 
g e a r s  w i t h  a good s u r f a c e  f i n i s h ,  w h i c h  a r e  h e a v i l y  l o a d e d ,  and w h i c h  
a r e  r u n n i n g  w i t h  r e l a t i v e l y  v i scous  o i l .  Most  v e h i c l e  yea rs  r u n  under  
m i  xed 1 u b r i  c a t i  on. 
4 1  
F o r  EHD L u b r i c a t i o n  X i s  b e t w e e n  1 and  1 0  ( l < X < 1 0 )  and  f o r  
Hydrodynamic L u b r i c a t i o n  X i s  g r e a t e r  t han  10 ( A  > 10). I n  these  cases, 
t h e  o i l  f i l m  between c o n t a c t i n g  t o o t h  s u r f a c e s  i s  t h i c k  enough t o  a v o i d  
s u r f a c e - t o - s u r f a c e  c o n t a c t .  Even h i g h  a s p e r i t i e s  m i s s  e a c h  o t h e r .  
P r e c i s i o n ,  h i g h - s p e e d  g e a r s  g e n e r a l l y  o p e r a t e  under  these  l u b r i c a t i o n  
c o n d i t i o n s .  Turb ine-gears  i n  s h i p  d r i v e s ,  gears  i n  e l e c t r i c  genera to rs ,  
and g e a r s  i n  c o m p r e s s o r s  a r e  e x a m p l e s .  I n  t h e  a e r o s p a c e  i n d u s t r y ,  
t u r b o p r o p  d r i v e s  and h e l i c o p t e r  ma in  r o t o r  gears o p e r a t e  i n  t h i s  reg ion .  
An e x c e p t i o n  may be some f i n a l - s t a g e  gears wh ich  may r u n  s l o w l y  enough 
t o  be i n  t h e  mixed l u b r i c a t i o n  r e g i o n .  
References [17, 18, 19 and 311 p r o v i d e  a d d i t i o n a l  d e t a i l s  about  t h e  
l u b r i c a t i o n  cases and about  s u r f a c e  f i n i s h e s .  
11.5.2 C o e f f i c i e n t  - o f  F r i c t i o n ,  F r i c t i o n a l  Torques 
There i s  a l a c k  o f  agreement as t o  t h e  p r o p e r  f o r m  and v a r i a t i o n  o f  
t h e  f r i c t i o n  c o e f f i c i e n t .  Buckingham [l] has reco rded  a s e m i e m p i r i c a l  
f o rmu la  f o r  the  f r i c t i o n  c o e f f i c i e n t  f as: 
(I I .  58) 
w h e r e  V s  i s  t h e  s l i d i n g  speed m e a s u r e d  i n  i n / s e c .  An a n a l o g o u s  
e x p r e s s i o n s  has  been  d e v e l o p e d  b y  B e n e d i c t  and K e l l y  [ 2 2 ]  and b y  
Anderson and Lowenthal [23]  : 
f = 0.0127 l o g  (45.94 W/Fpo V s V i )  (11.59)  
w h e r e  W i s  t h e  a p p l i e d  l o a d ,  m e a s u r e d  i n  l b ,  F i s  t h e  f a c e  w i d t h ,  
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i s  t h e  l u b r i c a n t  v i s c o s c i t y ,  measured i n  l b  s e c / i n .  
F i g u r e s  11.17 and 11.18 show graphs o f  t h e  f r i c t i o n  c o e f f i c i e n t  as 
g i v e n  b y  E q u a t i o n s  (11 .58)  and (11 .59)  as a f u n c t i o n  o f  t h e  r o l l  a n g l e .  
F i g u r e s  11.19 and 11.20 show t h e  r e s u l t i n g  e f f e c t  upon  t h e  f r i c t i o n  
t o r q u e .  
F i n a l l y ,  i t  s h o u l d  b e  n o t e d  t h a t  E q u a t i o n  (11 .59 )  i s  v a l i d  o n l y  
when t h e  s p e c i f i c  f i l m  t h i c k n e s s  h [See E q u a t i o n  ( 1 1 . 5 6 ) ]  has v a l u e s  
between 1 and 2. However, t h i s  i s  t h e  range o f  many gear  a p p l i c a t i o n s  
o f  i n t e r e s t .  Moreover, ex tend ing  t h e  use o f  Equa t ion  (11.59) t o  systems 
w i th  h i g h e r  va lues  o f  A shou ld  n o t  i n t r o d u c e  s e r i o u s  e r r o r s .  
11.6 S h a f t s  and Connected Masses 
The s h a f t s  and c o n n e c t e d  masses a r e  a l s o  c o m p o n e n t s  o f  t h e  g e a r  
The parameters  r e l a t e d  t o  dynamic system response a r e  t h e  p o l a r  system. 
mass moment o f  i n e r t i a ,  and t h e  s t i f f n e s s  o f  s h a f t s  and masses. 
Fo r  bod ies  w i t h  a n n u l a r  c ross -sec t i on ,  o u t s i d e  d i a m e t e r  Do, i n s i d e  
d iamete r  Di, t h e  p o l a r  a rea  moment o f  i n e r t i a  J i s :  
T 4 4  J = 2 (Do  - Di) (11 .60 )  
The t o r s i o n a l  s h a f t  s t i f f n e s s  K i s  t h e n  g i v e n  by: 
K = JG/k (11 .61)  
where G i s  t h e  shear  modulus and R i s  t h e  s h a f t  l e n g t h .  
The p o l a r  - mass moment of i n e r t i a  I i s  g i v e n  b y  t h e  exp ress ion :  
1 2 2  
8 0 “ 1  
= m ( ~  - n . 1  ( I !  - 5 2 )  
where m i s  t h e  s h a f t  mass. 
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111. SYSTEM DYNAMIC ANALYSIS 
111.1 Dynamic A n a l y s i s  and Computat ional  Procedure 
111.1.1 Mathemat ica l  M o d e l l i n g  - and Equat ions  - o f  M o t i o n  
The s y s t e m  mode l  a s  shown i n  F i g u r e  11.2 i s  u s e d  f o r  t h e  d y n a m i c  
a n a l y s i s .  I t s  m a t h e m a t i c a l  m o d e l ,  shown i n  F i g u r e  11.1, and t h e  
r e s u l t i n g  govern ing  equa t ions  a r e  d e v e l  oped u s i n g  b a s i c  g e a r  g e o m e t r y  
and e lemen ta ry  v i b r a t i o n  p r i n c i p l e s .  The e q u a t i o n s  may be expressed as 
f o l  1 ows : 
where t h e  n o t a t i o n  i s  
( I 1 1  . l )  
e ,  6 ,  'e' angul  a r  d i  s p l  acement, v e l o c i t y  and acce l  e ra -  
t i o n  
e M y  Oly 02' O L  a n g u l a r  d i sp lacemen t  o f  mo to r ,  gears  1 and 2 ,  
and t h e  l o a d  
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Figure 111.1 A Spur Gear System and I t s  Mathemat ica l  Model. 
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JM, J1, J2, JL mass moments o f  i n e r t i a  o f  t h e  motor ,  gears  
1 and 2 and t h e  l o a d .  
C ( t )  damping c o e f f i c i e n t s  o f  t h e  s h a f t s  and gear  c s l ’  c s 2 ’  g 
t e e t h .  
T M ,  T L ,  T f l ( t ) ,  T f 2 ( t )  i n p u t  a n d  o u t p u t  t o r q u e s  a n d  
f r i c t i o n a l  t o r q u e s  on  t h e  d r i v i n g  (1) 
and d r i v i n g  ( 2 )  gears .  
The p r o c e d u r e s  d e v e l o p e d  i n  P a r t  I 1  a r e  u s e d  t o  d e t e r m i n e  t h e  
s p r i n g  s t i f f n e s s ,  m o d e l l i n g  t h e  e l a s t i c  b e h a v i o r  o f  t h e  gear  t e e t h .  The 
equa t ions  of mot ion  w i l l  t hus  be dependent upon e x c i t a t i o n  te rms  due t o  
t r a n s m i s s i o n  e r r o r s .  However, i t  i s  a d i f f i c u l t  t a s k  even under  i d e a l  
g e o m e t r y  c o n d i t i o n s  t o  o b t a i n  a p r e c i s e  m o d e l l i n g  o f  t h e  d y n a m i c  
l oad ing .  The v i b r a t i o n  o f  t h e  gear  t o o t h  i s  a f f e c t e d  b y  i r r e g u l a r i t y  i n  
m o t i o n  due t o  m a n u f a c t u r i n g  e r r o r s  and b y  d e f l e c t i o n s  o f  t h e  t o o t h  due 
t o  t h e  a p p l i e d  l o a d s .  The m o t i o n  i s  f u r t h e r  a f f e c t e d  b y  o t h e r  t e e t h  
l e a v i n g  con tac t .  The m o t i o n  becomes m o r e  c o m p l i c a t e d  when t h e  t e e t h  
b e g i n  t o  assume t h e  e n t i r e  load,  r e s u l t i n g  i n  a complex v i b r a t o r y  m o t i o n  
t a k i n g  p l a c e  i n  t h e  zone o f  s i n g l e  c o n t a c t .  
The meshing process  l eads  t o  i ns tan taneous  l o a d  f l u c t u a t i o n s  i n  t h e  
t e e t h  e v e n  u n d e r  c o n s t a n t  l o a d i n g  c o n d i t i o n s .  A l s o ,  t h e  m a g n i t u d e  o f  
t h e  l o a d  and  t h e  f l u c t u a t i o n s  a r e  i n f l u e n c e d  b y  t h e  d a m p i n g  e f f e c t  o f  
t h e  l u b r i c a n t ,  and t h e  p r o x i m i t y  t o  s y s t e m  n a t u r a l  f r e q u e n c i e s  o f  t h e  
o p e r a t i n g  f requenc ies .  
Severa l  assumptions a r e  needed t o  s i m p l i f y  t h e  a n a l y s i s :  
1. The dynamic  p r o c e s s  i s  d e f i n e d  i n  t h e  r o t a t i n g  p l a n e  o f  t h e  
gears .  The o u t - o f - p l a n e  t w i s t i n g  and m i s a l i g n m e n t  a r e  
neg lec ted .  
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2. Damping due t o  l u b r i c a t i o n  o f  t h e  gears and s h a f t s  a r e  
expressed as c o n s t a n t  damping c o e f f i c i e n t s .  
3.  The d i f f e r e n t i a l  e q u a t i o n s  o f  m o t i o n  a r e  d e v e l o p e d  u s i n g  t h e  
t h e o r e t i c a l  l i n e  of  a c t i o n .  
4. G e a r  t o o t h  s t i f f n e s s  i s  e v a l u a t e d  a c c o r d i n g  t o  d y n a m i c  
c o n s i d e r a t i o n s :  T h a t  i s ,  t h e  r e f e r e n c e  p o i n t  f o r  t o o t h  
d e f l e c t i o n  i s  assumed t o  be l o c a t e d  a t  t h e  r a d i u s  o f  g y r a t i o n .  
5 .  Low c o n t a c t  r a t i o  gear p a i r s  a r e  u s e d  i n  t h e  a n a l y s i s .  The 
c o n t a c t  r a t i o  i s  taken between 1 t o  2. 
I I I .  1 .2  Computat ional  Procedure 
E q u a t i o n s  (111.1) a r e  s o l v e d  u s i n g  a l i n e a r i z e d - i t e r a t i v e  p r o c e -  
dure. The l i n e a r i z e d  equa t ions  are  o b t a i n e d  b y  d i v i d i n g  t h e  mesh p e r i o d  
i n t o  n e q u a l  i n t e r v a l s .  I n  t h e  a n a l y s i s  a c o n s t a n t  i n p u t  t o r q u e  T,,, i s  
assumed. However, t h e  o u t p u t  t o rque  TL i s  assumed t o  be f l u c t u a t i n g  due 
t o  damping i n  t h e  gear  mesh, f r i c t i o n ,  and t i m e - v a r y i n g  mesh s t i f f n e s s .  
F i n a l l y ,  a t r u e  i n v o l u t e  p r o f i l e  i s  assumed. 
I n i t i a l  v a l u e s  o f  t h e  a n g u l a r  d i s p l a c e m e n t s  a r e  o b t a i n e d  b y  
p r e l o a d i n g  t h e  i n p u t  s h a f t  w i t h  t h e  n o m i n a l  t o r q u e  c a r r i e d  b y  t h e  
system. I n i t i a l  va lues  o f  t h e  angu la r  speeds a r e  taken  f r o m  t h e  nomina l  
o p e r a t i n g  speed o f  t h e  system. 
The i t e r a t i v e  p rocess  i s  as f o l l o w s :  The c a l c u l a t e d  va lues  o f  t h e  
a n g u l a r  d i sp lacemen ts  and angu lar  speeds a f t e r  one p e r i o d ,  a r e  compared 
w i t h  t h e  assumed i n i t i a l  values. Unless t h e  d i f f e r e n c e s  between them 
a r e  s u f f i c i e n t l y  s m a l l ,  t h e  procedure i s  repeated  u s i n g  t h e  average o f  
t h e  i n i t i a l  and c a l c u l a t e d  va lues as new i n i t i a l  va lues.  The c r i t e r i a  
f o r  r e p e a t i n g  i s :  
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and 
0 e n  - e o (  > 0.001 e 
8 n - B o [  >0.001 B 0 (111.2)  
The t e r m  (Rbl el - R b 2  e ) i n  t h e  e q u a t i o n s  o f  m o t i o n  r e p r e s e n t s  
L e t  Bh r e p r e s e n t  t h e  t h e  r e l a t i v e  d y n a m i c  d i s p l a c e m e n t  o f  t h e  g e a r s .  
b a c k l a s h .  L e t  g e a r  1 b e  t h e  d r i v i n g  g e a r .  The f o l l o w i n g  c o n d i l  
can occu r :  
Case 
(111 R b l  e l  - Rb2 '2 > 
i o n s  
3 )  
T h i s  i s  the  normal o p e r a t i n g  case and t h e  dynamic mesh f o r c e  W d  i s  
d e f i n e d  as: 
and 
'd2 = 'dl  (111.5) 
Case (11) 
I n  t h i s  case, t h e  gears w i l l  sepa ra te  and t h e  c o n t a c t  between t h e  
gears w i l l  be l o s t .  Hence, 
Wd = 0 (111.7)  
(111.8)  
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I n  t h i s  case, gear  2 w i l l  c o l l i d e  w i t h  gear  1 on t h e  backs ide .  Then, 
(111.9) 
and 
*d2 = 'dl ( I 1  I. 10) 
The equa t ions  of  m o t i o n  c o n t a i n  damping t e r m s  f o r  a l l  components i n  
t h e  s y s t e m .  The d a m p i n g  i n  t h e  s h a f t s  i s  due t o  m a t e r i a l  damp ing .  
Exper imen ts  have suggested t h a t  t h i s  damping i s  between 0.5% and 0.75 o f  
t h e  c r i t i c a l  damping (See Reference [35].) Hence, t h e  e f f e c t i v e  damping 
o f  s h a f t s  i s  t aken  as 
and 
w h e r e  5, 
0.005. 
S m i  
r e p r e s e n t s  t h e  c r i t i c a l  
l a r l y ,  t h e  e f f e c t i v e  damp 
2 2  




( I 1  I. 12) 
d a m p i n g  r a t i o  o f  s h a f t s  w i t h  v a l u e :  
ng o f  t h e  gear  mesh i s  t a k e n  a s :  
(111.13) 
where 5 r e p r e s e n t s  t h e  c r i t i c a l  damping r a t i o .  Measurements o f  geared 
systems show E t o  range between 0.03 and 0.17 (See References [ l o ,  113). 
I n  E q u a t i o n  (111.13)  t h e  a v e r a g e  g e a r  mesh s t i f f n e s s  i s  u s e d  and t h e  
e q u i v a l e n t  masses o f  t h e  g e a r s  a r e  c o n c e n t r a t e d  a t  t h e  b a s e  c i r c l e  t o  
r e f l e c t  t h e i r  e f f e c t s  a l o n g  t h e  l i n e  o f  a c t i o n .  
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v 
Geometry of system components, 




Calculation of tooth profile, 
mesh stiffness, inertias, 
damping, and friction. 
b 
t 
Calculation of dynamic condition 




Calculation of dynamic 
loads and stresses. 
I 
I Output of results. 1 
F i g u r e  111.2 F l o w  C h a r t  o f  Computat ional  Procedure 
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~ ~~ 
l -  
The f l o w  c h a r t  o f  t h e  c o m p u t a t i o n a l  p r o c e d u r e  i s  shown i n  F i g u r e  
111.2.  
111 .2  N a t u r a l  Frequencies 
The n a t u r a l  f r e q u e n c i e s  o f  t h e  system may be o b t a i n e d  b y  examin ing 
t h e  undamped e q u a t i o n  o f  m o t i o n  w r i t t e n  i n  m a t r i x  form:  
where t h e  i n e r t i a  m a t r i x  [J]  i s  
[ J I  = 
- 
rJ,, 
0 0 0 
0 J I O  0 
0 0 J 2  0 
and t h e  s t i f f n e s s  m a t r i x  [ K ]  i s  
[KI = 
0 - K S 1  0 
1 1  
0 's 1 Ksl + (Kg)avgRb l  - ( Kg a vg Rb 1 b2 
- (Kg )avgRb lRb2  KsZ+( Kg)avgRb2 - K S 2  
0 0 -Ks2 K S 2  
( I 1  I .  1 4 )  
( i  11.15)  
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The average va lue  o f  gear  mesh s t i f f n e s s  i s  t aken  as t h e  sum o f  t h e  
d i s c r e t e  t o o t h  s t i f f n e s s  v a l u e s  o v e r  one mesh c y c l e  d i v i d e d  b y  t h e  
number o f  mesh p o s i t i o n s  i n  t h e  c y c l e .  
E q u a t i o n s  (111.14) may t h u s  be  u s e d  t o  d e t e r m i n e  t h e  e i g e n v a l u e s  
and thus  t h e  n a t u r a l  f r e q u e n c i e s  of t h e  system. 
111.3 Paramet r i c  S tudy  
A b r i e f  p a r a m e t r i c  stuG/ was conducted t o  c 2 t e r m i n e  t h e  e f f e c t s  o f  
t h e  r o t a t i n g  speed,  t h e  l o a d ,  t h e  s t i f f n e s s e s ,  t h e  i n e r t i a s ,  and t h e  
c o n t a c t  r a t i o  on t h e  dynamic load.  The system examined c o n s i s t e d  o f  two  
i d e n t i c a l  gears hav ing  t h e  f o l l o w i n g  p r o p e r t i e s :  
Number o f  t e e t h :  36 
Diamet ra l  p i t c h :  8 
P i t c h  d iameter :  4.5 i n  
Pressure ang le :  20" 
Face Wid th :  1.0 i n  
Moment o f  i n e r t i a :  0.02947 i n  l b  sec 
S t i f f n e s s :  
Damping r a t i o :  0.10 
2 
3.5355 x lo6 l b / i n  r a d  
The s h a f t  s t i f f n e s s ,  i n e r t i a s  were: 
Shaf t  s t i f f n e s s :  10081 i n  l b / r a d  
Motor and l o a d  i n e r t i a :  0.08841 i n  l b  sec (each)  2 
F i n a l l y ,  t h e  f i r s t  t h r e e  system c r i t i c a l  speeds were: 
w :  89.6 rpm, 179.1 rpm, and 8688 rpm 
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F o r  g e a r s  w i t h  t r u e  i n v o l u t e  p r o f i l e  u n d e r  n o r m a l  o p e r a t i n g  
c o n d i t i o n s ,  t h e  p r i n c i p a l  s o u r c e  o f  d y n a m i c  e x c i t a t i o n  i s  t h e  t i m e  
v a r y i n g  t o o t h  s t i f f n e s s  due t o  a l t e r n a t i n g  s i n g l e  and doub le  c o n t a c t  o f  
t h e  t o o t h  p a i r s .  The gear  system v i b r a t i o n  depends upon t h e  f requency  
o f  t h i s  p a r a m e t r i c  e x c i t a t i o n ,  and t h u s  a l s o  t h e  o p e r a t i n g  speed. 
111.3.1 Dynamic Load as a Func t i on  o f  R o l l  Angle --- -- 
F i g u r e  111.3 shows t h e  v a r i a t i o n  o f  d y n a m i c  l o a d  r e s p o n s e  f o r  a 
p a i r  o f  t e e t h  as  a f u n c t i o n  o f  r o l l  a n g l e .  A t  l o w e r  speeds  w h e r e  t h e  
e x c i t a t i o n  f r e q u e n c y  i s  much l o w e r  t h a n  t h e  r e s o n a n c e  f r e q u e n c y ,  t h e  
dynamic l o a d  response i s  b a s i c a l l y  a s t a t i c  l o a d  s h a r i n g  i n  phase w i t h  
t h e  s t i f f n e s s  change,  s u p e r i m p o s e d  w i t h  a n  o s c i l l a t o r y  l o a d  a t  a 
f r e q u e n c y  co r respond ing  t o  t h e  n a t u r a l  f requency .  
A t  h i g h e r  speeds, c l o s e  t o  t h e  n a t u r a l  f requency ,  t h e  dynamic l o a d  
v a r i a t i o n  becomes so a b r u p t  t h a t  i t  produces t o o t h  separa t i on .  The peak 
d y n a m i c  l o a d  i s  much h i g h e r  t h a n  t h e  s t a t i c  l o a d  and i s  v e r y  l i k e l y  a 
source  o f  gear  n o i s e  and e a r l y  su r face  f a t i g u e .  
F g u r e  111.4 shows t h e  d y n a m i c  l o a d  r e s p o n s e  a s  a f u n c t i o n  o f  
o p e r a t  ng speed. The m a j o r  peak occu rs  a t  t h e  n a t u r a l  f requency.  The 
second m a j o r  peak occu rs  a t  t h e  p r i n c i p a l  p a r a m e t r i c  resonance f requency  
due  t o  t h e  p a r a m e t r i c  e x c i t a t i o n  o f  t h e  t i m e  v a r y i n g  t o o t h  s t i f f n e s s .  
T h i s  p a r a m e t r i c  r e s o n a n c e  f r e q u e n c y  i s  a b o u t  h a l f  t h e  s y s t e m  n a t u r a l  
f requency  [27]. F i n a l l y ,  t h e  dynamic f a c t o r  i s  d e f i n e d  as t h e  r a t i o  o f  
dynamic l o a d  t o  s t a t i c  l o a d .  
O b s e r v e  t h a t  f o r  speeds above t h e  n a t u r a l  f r e q u e n c y ,  t h e  d y n a m i c  
r e s p o n s e  d e c r e a s e s  s t e a d i l y  i n  t h e  same m a n n e r  a s  w i t h  e l e m e n t a r y  




ROLL ANGLE (DEG) 
F i g u r e  111.3'  Dynamic Loads a t  D i f f e r e n t  Speeds 
. o o  
F i g u r e  111.5 shows a t h r e e  d imens iona l  r e p r e s e n t a t i o n  o f  t h e  system 
dynamic response. The h o r i z o n t a l  a x i s  r e p r e s e n t s  t h e  o p e r a t i n g  speed, 
and t h e  c o n t a c t  p o s i t i o n  a l o n g  the t o o t h  p r o f i l e .  The t o t a l  number o f  
c o n t a c t  p o s i t i o n s  i s  121. The v e r t i c a l  a x i s  i s  t h e  d,ynarnic f a c t o r ,  
d e f i n e d  b y  t h e  r a t i o  o f  t h e  dynamic l o a d  t o  t h e  s t a t i c  load. 
F i g u r e  111.6 p r e s e n t s  a c o n t o u r  p l o t  o f  t h e  sys tern  d y n a m i c  
response.  
The shaded areas,  rep resen t  r e g i o n s  where t o o t h  s e p a r a t i o n  occurs.  
T h e y  a r e  l o c a t e d  i n  t h e  d o u b l e  c o n t a c t  r e g i o n s .  A t  n e a r  r e s o n a n c e  
speeds t h e  v i b r a t i o n  m o t i o n  o f  gear bod ies  exceeds t h e  d e f l e c t i o n  o f  t h e  
meshing t o o t h  p a i r s ,  i n d u c i n g  t o o t h  separa t i on .  
As t h e  speed i n c r e a s e s ,  t h e  d y n a m i c  r e s p o n s e  a l s o  shows a phase 
s h i f t  t owards  t h e  h i g h e r  numbered c o n t a c t  p o s i t i o n s .  T h i s  phenonemon 
can be seen b y  n o t i n g  t h a t  t h e  h i g h e s t  dynamic e f f e c t  ( a t  speeds r a n g i n g  
f r o m  600 rpm t o  10400 r p m )  o c c u r s  a t  d i f f e r e n t  c o n t a c t  p o s i t i o n s  
b e g i n n i n g  f r o m  p o s i t i o n  5 1  and g r a d u a l l y  changing t o  p o s i t i o n  85. T h i s  
i s  an i m p o r t a n t  f a c t o r  when computing t h e  r o o t  s t r e s s e s .  
111.3.2 E f f e c t  o f  t h e  A p p l i e d  Load --
F i g u r e  111.7 shows t h e  maximum d y n a m i c  l o a d  on  t h e  s y s t e m  as  a 
f u n c t i o n  o f  t h e  t r a n s m i t t e d  loads f o r  d i f f e r e n t  speeds. 
The d e f l e c t i o n  o f  gear  t e e t h  changes t h e  t o o t h  s t i f f n e s s  and l o a d  
s h a r i n g  b e t w e e n  t h e  t e e t h .  The s e p a r a t i o n  o f  y e a r  t e e t h  due t o  
v i b r a t i o n  i s  r e s i s t e d  b y  t h e  t r a n s m i t t e d  load.  There fore ,  t h e  dynamic 
l o a d  e f f e c t  i s  decreased as t h e  a p p l i e d  l o a d  i s  i nc reased .  
111.3 .3  E f f e c t  o f  Damping -
The d a m p i n g  due t o  v i s c o u s  f r i c t i o n  g o v e r n s  t h e  d y n a m i c  l o a d  
response o f  t h e  gear  system. F igu re  111.8 shows t h e  e f f e c t  o f  damping 
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NORMALIZED MOMENT OF INERTIA OF THE GEARS 
Figure 111.10 Effect of Gear Inertia on the Dynamic Load Response 
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e f f e c t  near t h e  reasonance f requencies than  a t  f r e q u e n c i e s  away f rom r e -  
sonance. 
111.3.4 E f f e c t  - o f  S t i f f n e s s  -- and Mass Moment - o f  I n e r t i a  
A. S t i f f n e s s :  
s y s t e m  d y n a m i c  response .  
Changes i n  s h a f t  s t i f f n e s s  have  a m i n o r  e f f e c t  on t h e  
However  changes o f  t o o t h  s t i f f n e s s  have  a 
m a j o r  e f f e c t  on t h e  r e s p o n s e .  F i g u r e  111.9 shows t h a t  t h e  h i g h e r  t h e  
t o o t h  s t i f f n e s s  t h e  l o w e r  t h e  dynamic response. T h i s  i s  c o n s i s t e n t  w i t h  
o b s e r v a t i o n s  t h a t  as  t h e  t o o t h  s t i f f n e s s  i n c r e a s e s  t h e  mass e f f e c t  o f  
gea r  bod ies  on t h e  system dynamics i s  reduced. F i g u r e  111.9 a l s o  shows 
t h a t  system resonance f requenc ies  a r e  i nc reased  as t h e  t o o t h  s t i f f n e s s  
increases.  T h i s  i s  a p o t e n t i a l l y  u s e f u l  e f f e c t  f o r  t h e  des ign  o f  gear 
systems. 
B. Mass Moment o f  I n e r t i a :  The e f f e c t  o f  t h e  s h a f t  masses i s  s m a l l  
c o m p a r e d  t o  t h a t  o f  t h e  g e a r s .  F i g u r e  111.10 shows t h a t  as t h e  g e a r  
i n e r t i a  i s  decreased t h e  dynamic response i s  a l s o  decreased. 
111.3.5 E f f e c t  - o f  D iamet ra l  -- P i t c h  and C m t a c t  R a t i o  
For  gears w i t h  d i f f e r e n t  d i a m e t r a l  p i t c h e s ,  t h e  dynamic response i s  
d i f f e r e n t  due t o  t h e  change i n  c o n t a c t  r a t i o .  Gears w i t h  a f i n e r  p i t c h  
h a v e  a h i g h e r  c o n t a c t  r a t i o .  S i n c e  t h e  c o n t a c t  r a t i o  i s  a m e a s u r e  o f  
t h e  d u r a t i o n  o f  t h e  l o a d  b e i n g  shared b y  more than  one p a i r  o f  t e e t h ,  i t  
has a s i g n i f i c a n t  e f f e c t  on t h e  system dynamic response. 
F i g u r e  111.11 shows a c o m p a r i s o n  b e t w e e n  g e a r s  h a v i n g  d i f f e r e n t  
d i a m e t r a l  p i t c h e s .  The f i n e r  p i t c h  g e a r s ,  h a v i n g  a h i g h e r  c o n t a c t  
r a t i o ,  have a s m a l l e r  dynamic load e f f e c t  t h a n  t h e  c o a r s e r  p i t c h  gears.  
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N O R M A L I Z E D  SPEED ( u / w n )  
Figure 111.11 Effect of Diametral P i t c h  on Dynamic Load R e s p o n s e  
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111.4 Comparison w i t h  Exper imenta l  and E m p i r i c a l  D a t a  
A t  an American Gear M a n u f a c t u r e r ' s  A s s o c i a t i o n  (AGMA) m e e t i n g  i n  
1927 A. A. Ross [24]  i n t r o d u c e d  the  f o l l o w i n g  e m p i r i c a l  f o r m u l a  f o r  t h e  
dynamic f a c t o r  Kv :  
- 78 - 
Kv 78 +F 
(111.17) 
w h e r e  v i s  t h e  p i t c h  l i n e  speed  m e a s u r e d  i n  f t / m i n .  
came t o  r e c e i v e  acceptance as a s tandard  f a c t o r  used b y  t h e  AGMA. 
A s i m i l a r  f a c t o r  f o r  use w i t h  h i g h e r  p r e c i s i o n  gears was i n t r o d u c e d  
T h i s  e x p r e s s i o n  
b y  We l laue r  [25]  i n  1959: 
Kv = / 78 
78 +fi 
( I 1  I. 18) 
Equa t ion  (111.17) and (111.18) a r e  recogn ized  as b e i n g  c o n s e r v a t i v e  
when a p p l i e d  w i t h  v e r y  h j g h  p r e c i s i o n  g e a r s .  T h a t  i s  t h e y  predict 
dynamic l a o d s  which a r e  l a r g e r  than t h e  p h y s i c a l  l o a d s .  
Buckingham [l] a l s o  developed an e x p r e s s i o n  f o r  t h e  dynamic l o a d  i n  
t e r m s  o f  t h e  p i t c h  1 i n e  speed, t h e  a p p l i e d  l o a d  a n d  o t h e r  g e o m e t r i c a l  
and p h y s i c a l  f a c t o r s .  Buckingham's f o r m u l a  i s  
Wd = w + [ f a ( 2 f 2  - fa+  ( I  11.19) 
w h e r e  W d  i s  t h e  d y n a m i c  l o a d ,  W i s  t h e  a p p l i e d  l o a d  and t h e  f a c t o r s  fa  
and f2 a r e  
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= flf2/(fl + f * )  fa  
and 
f = F C + W  2 
(111.20) 
(111.21) 
where F i s  t h e  f a c e  w i d t h  i n  inches  and C i s  a d e f o r m a t i o n  f a c t o r  g i v e n  
by:  
. 
C = 0.111 e E1E2/(E1 -+ E2) (111 2 2 )  
where e i s  a p r o f i l e  e r r o r  f a c t o r  and E l  and E2 a r e  e l a s t i c  c o n t a c t s  o f  
t h e  gears .  The f a c t o r  f, i s  
( I  I I. 23) 2 f = 0.00025[ (R1 + R2)/R1R2]mV 
w h e r e  R 1  and R 2  a r e  p i t c h  r a d i i  o f  t h e  g e a r s ,  m e a s u r e d  i n  i n c h e s ,  m i s  
t h e  e f f e c t i v e  mass o f  t h e  g e a r s  and,  as  b e f o r e ,  V i s  t h e  p i t c h  l i n e  
speed i n  f t / m i n .  
F i n a l l y ,  Kubo [26 ]  has reco rded  r e s u l t s  o f  e x t e n s i v e  e x p e r i m e n t a l  
s t u d i e s  on dynamic e f f e c t s  f o r  h i g h - p r e c i s i o n  spur  gear  systems. 
F i g u r e  111.12 shows a compar ison o f  t h e  AGMA h i g h - p r e c i s i o n  f o r m u l a  
[ E q u a t i o n  (111.18)], B u c k i n g h a m ' s  f o r m u l a ,  Kubo's  r e s u l t s ,  and t h e  
r e s u l t s  o f  t he  computer s i m u l a t i o n .  
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I IV. DISCUSSION 
I n  r e f l e c t i n g  u p o n  the  a n a l y s i s  t h e r e  a r e  severa l  remarks which 
might summarize the findings: 
1. The model of Figure 11.2, Chapter 2 i s  r e l a t i v e l y  simple.  
Indeed, i t  consists of only t w o  spur gears and  t w o  shafts.  S t i l l ,  many 
important aspects o f  dynamic loading are manifested by the model. 
2 .  The model includes the e f fec ts  of: 
a .  
b .  The s t i f fnesses  of the gears and  shaf ts .  
Masses a n d  movements of iner t ia  o f  the gears a n d  shaf ts .  
c .  The operating speeds. 
d .  The f r ic t ion  and damping. 
e .  The t o o t h  geometry. 
3. The t o o t h  s t i f f n e s s  i s  based u p o n  a f i n i t e  segment modelling. 
I t  i s  developed by using fundamental p r i n c i p l e s  of mechanics of 
ma te r i a l s .  I t  i s  dependent u p o n  t h e  t o o t h  geometry--that i s ,  the  
involute form. 
4. The loading i s  found t o  be s i g n i f i c a n t l y  a f f e c t e d  by the  
contact ra t io .  
5. T o o t h  separa t ion- - leading  t o  impact--occurs in the double 
contact region since the deflections are smallest in t h a t  reg ion .  
6. Dynamic load generally increases with operating speed until  a 
system n a t u r a l  frequency i s  reached. The dynamic load decreases rapidly 
beyond the natural frequency. 
7. The dynamic factor i s  largest  for contact points near the t o o t h  
t i p .  
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8. The a p p l i e d  l o a d  has  a m i n o r  e f f e c t  u p o n  t h e  d y n a m i c  f a c t o r .  
However, t h e  dynamic f a c t o r  decreases w i t h  a p p l i e d  l oad .  
9. Damping and f r i c t i o n  decrease t h e  dynamic f a c t o r  w i t h  t h e  most  
d r a m a t i c  e f f e c t s  o c c u r i n g  near  the  system n a t u r a l  f r e q u e n c i e s .  
10. T o o t h  s t i f f n e s s  has  a s i g n i f i c a n t  e f f e c t  upon t h e  d y n a m i c  
f a c t o r :  The h i g h e r  t h e  s t i f f n e s s ,  t h e  l o w e r  t h e  dynamic f a c t o r .  Also, 
t h e  g r e a t e r  t h e  s t i f f n e s s ,  t h e  h i g h e r  t h e  r o t a t i n g  speed  o f  peak 
response. 
11. S h a f t  moment o f  i n e r t i a  has a m i n i m a l  e f f e c t  upon t h e  dynamic 
f a c t o r .  However ,  t h e  g r e a t e r  t h e  i n e r t i a ,  t h e  g r e a t e r  t h e  d y n a m i c  
e f f e c t .  
12. F i n a l l y ,  f o r  i n c r e a s e d  d i m e t r a l  p i t c h ,  t h a t  i s ,  h i g h  c o n t a c t  
r a t i o  gears,  t h e  dynamic f a c t o r  w i l l  be decreased. 
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